Module 3
Probability & Distributions

Objective: In this module you will learn some basic concepts of
probability and some common probability distributions which are
important in deciding on the statistical methods to be used for a data
analysis. Further, in this module you will learn statistical methods to
quantify uncertainty in the sample estimate of parameters in the population.

3.1 Introduction

In this module we discuss some very basic concepts of probability and statistical
theoretical distributions. The idea of probability is not a new one in medical research.
Health professionals very often use the term “probability’ in their daily communication.
For example, we may hear a cardiac surgeon say that the patient has a 70% chance of
surviving if he/she undergoes a Coronary Artery Bypass Graft (CABG) surgery. A
clinician may say that two out of twenty patients were lost to follow up in a cancer study.
A general practitioner (GP) may say that she is 90% sure that regular exercise lowers the
blood glucose level of type Il diabetic patients. Thus, everyone has an idea about
probability. Probability itself is a vast area of statistics and hence a detailed discussion on
it is beyond the scope of this module — in this module, we only concentrate on some very
basic probability concepts.

A distribution of a random variable may be expressed in the form of a table, a graph, or a
formula (mathematical functional form). Clinicians and researchers should have sound
knowledge of the distribution of a random variable. Such knowledge provides them with
a powerful tool for summarising and describing a data set. This also helps clinicians and
researchers in reaching conclusions about a population of data on the basis of a sample of
data drawn from the population. Most importantly the choice of statistical methods to be
used for data analyses largely depends on the distribution of the data. In this module we
discuss some commonly used statistical probability distributions such as Bernoulli,
Binomial, Normal and t distributions. Bernoulli and Binomial distributions are
appropriate for categorical binary data (only have two possible outcomes of the variable,
e.g., current smoking status: yes/no, sex of patients in a cancer study: male/female, etc.)
and for continuous data the Normal and t distributions are appropriate (e.g., age, height,
weight, blood glucose level, cholesterol level, etc.).

In this module we aim to discuss on the following topics:

Basic concepts of probability
Inference about a population based on a sample
Statistical distributions: Bernoulli, Binomial, Normal and t-distribution
Sampling distribution for
0 the sample mean
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o the difference in two sample means

o the sample proportion

o the difference in two sample proportions
e Standard Error (SE) and difference between SD and SE
e Central limit theorem

3.2 Basic Concepts of Probability

In the previous modules the idea of variation among the observations through descriptive
measures, for example, the standard deviation was introduced. Variation in data is very
common in many aspects of health sciences; variation comes from within patient
(case/subject) variability, between patient variability, measurement error, and other
sources. Inferential statistics is concerned with measuring the degree of uncertainty
which can be quantified using the concept of probability. Knowledge of probability is the
fundamental of statistical analyses of data however detailed discussion on probability is
beyond the scope of this module.

Probability can mainly be defined in the following two ways: relative frequency
probability and bayesian probability. In this module, however, we provide only the
relative frequency definition of probability. This definition of probability depends on
some process or experiment that occurs repeatedly under identical conditions, the number
of times the experiment was repeated and also the number of times some outcomes of
interest occurs. Let us assume that an experiment is repeated n times, and out of n
times an event of interest occurs m times. Then the probability that the event occurs is
just the relative frequency of occurrence of the event. Thus the relative frequency
definition of probability is given by

Probability (Pr) of the event occurs = m

n

m . . - :
Note, however, that — is only an estimated probability of the event of interest.
n

For example, consider a retrospective case control study where 10000 (n =210000, the
number of smokers) smokers were studied to identify those who developed lung cancer
in the recent years. If the study report shows that 54 (m =54, number of patients who
developed lung cancer) out of 10000 smokers experienced lung cancer, then the
probability that a smoker developed lung cancer in the sample is as follows: Probability

of developing lung cancer among smokers = % = 4 =0.0054 or 0.54%.

10000

Consider another example where we want to determine the probability of having a baby
girl in a particular community. Let us assume that we observe 1000 births in a
community and calculate the proportion of female births. If out of 1000 births, 490 were
baby girls, then the probability that an expectant mother in this community will have a
baby girl is 490/1000 = 0.49 or 49%.
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Some Common Definitions:

e Experiment: An experiment is the process by which an observation
(measurement) is obtained. For example, observing 1000 births in the above
example is an experiment.

e Event: An event is any set of outcomes (the number of outcomes could be single
or multiple). In the baby birth example if we are interested in birth of baby girl,
then birth of a baby girl is our event of interest.

e Mutually Exclusive Event: Two or more events are said to be mutually
exclusive if they cannot occur simultaneously (one excludes the other). Consider
the current smoking status (yes/no) of a group of diabetic patients. The two
categories are mutually exclusive because if a diabetic patient is smoker, at the
same time he/she can not be non-smoker.

e Independent Events: Two events are independent if the knowledge of one event
can not be used to predict another event. Let us assume that we are interested in
predicting the probability that a couple will have two girls, the event of interest in
this example is the birth of a girl. Since the sex of future children are not
influenced by the sex of previous children, we can assume the events are
independent.

Multiplicative Rule of Probability: The multiplicative rule of probability states that the
probability of two or more independent events occurring together is the multiplication of
the probability of each event occurring. If the probability of having a girl is 0.49, the
probability of having two girls in the next two births is: 0.49x0.49=0.24 or 24%
(corrected to two decimal places). Similarly, the probability of having three girls in the

next three births is: (0.49)° =0.117649 = 0.118 or 11.8% (corrected to three decimal
places).

Additive Rule of Probability: Using the additive rule of probability we can calculate
the probability of mutually exclusive events. This is calculated as the sum of probabilities
of observing each event. Assume that the probability of observing a blood type group O,
A, B, and AB are 0.46, 0.43, 0.08 and 0.03 respectively. Then the probability of an
individual having blood type A or B is 0.43+0.08 =0.52. The probability of being any
blood type is the sum of all probabilities which is 1.0 (0.46+0.43+0.08+0.03=1.0). This
intuitively makes sense because a person has to have a blood type!

NOTE: If you find difficulty to understand the above examples, please consider coin

and /or die tossing experiments — | am sure you are familiar with these experiments from
GRADE 9 and 10 maths.
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Properties of probability: Mainly there are three properties of probability. However, in
this module we mention only two of them. They are as follows.

e Any event must have a probability greater than or equal to zero and less than
or equal to one.

o If an experiment results in several mutually exclusive outcomes, then the sum
of the probabilities of these outcomes is one (see additive rule above).

3.3 Parameter and it's Sample Estimate

As was discussed in Module 2, the mean of a data set gives information about the central
value of the data and the standard deviation conveys the information regarding the
amount of variability present in the data. In fact, the mean measures the central value and
standard deviation measures the spread or scatter of the observations about their mean.
The mean and the standard deviations are two summary measures which have extensive
use in all areas of applied research.

Consider the body mass index (BMI) of all patients who had cardiac surgery at Victorian
public hospitals from 2001 to 2006 (a broader group of cardiac patients or population of
cardiac patients). If all the patients in the population are taken into account to calculate
the mean BMI, it is called the true mean or the population mean BMI and is denoted by
the Greek letter 1 (Mu). Similarly, if all the patients in the population are considered for

calculating the standard deviation, it is known as the true or population standard
deviation and is denoted by the Greek lettero (Sigma). Furthermore, if we calculate the
proportion of patients in the population who are obese (BMI >30 kg/m?), the proportion
is called population proportion or true proportion — the population proportion is denoted
by the Greek letter 7. The true mean, standard deviation and proportion are known as
the parameters for the distribution of BMI data in the population.

In practice, the parameters are unknown and difficult to calculate particularly for a large
population but can be estimated from the sample data. Therefore we use data in the
sample to make inference about the parameters (e.g., true mean, standard deviation and
proportion). If we take a sample from a population and calculate the sample mean,
standard deviation and proportion, then they are known as the sample mean, standard
deviation and proportion respectively. The sample mean, standard deviation and
proportion are denoted by X, s and 4 respectively. The sample mean, standard
deviation and proportion are also known as the estimate of the true mean, standard
deviation and proportion respectively.

As discussed earlier, calculation of parameters requires the collection of data from every
patient in the population — this involves a lot of money, longer time and a lot of people to
help in data collection. However, time and money constraints do not allow us to collect
data for all patients in the population, hence we depend on sample data for all most all
medical studies. In practice, we take a random sample from the population of interest and
collect data from the patients in the sample. The number of patients in the sample should
not be too large or too small — an optimum number of patient can be determined by using
some statistical methods known as the sample size calculation (will not be covered in this
subject).
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For example, let us assume that we a random sample of 10 patients from the cardiac
surgery population discussed above — the BMI for the patients in the sample are: 32.4,
33.4, 25.0, 27.5, 33.9, 26.6, 34.1, 26.0, 30.3 and 21.6 kg/m?. The mean and standard
deviation for this sample data are respectively 28.35 kg/m? and 4.78 kg/m? and the
proportion of patients with BMI above 30 kg/m? is 50% (5 out of 10 patients). Hence,
28.35 kg/m?, 4.78 kg/m? and 50% are respectively the sample estimate of the true mean,
standard deviation and proportion of patients who are obese (we assume that patients
with BMI>30 kg/m? are obese). Thus the data in a random sample help us to make
inferences about the population from which the sample has been drawn.

3.4 Statistical Distributions

Most of the data collected in medical research follow some specific patterns. A pre-
specified pattern of a data set is known as the distribution of the data. There are many
statistical distributions, however, there are data sets those do not follow any of the
distributions available in statistical science. A data of this type is known as the
distribution free data or alternately we say that the data follows a non-parametric
distribution. In this module we will discuss the Bernoulli, Binomial, Normal and t
distributions. The Bernoulli and Binomial distributions are appropriate for discrete data
and the Normal and t distributions are useful for continuous data. Brief discussions on
these four distributions are given below.

3.4.1 The Bernoulli Distribution

The Bernoulli distribution is an example of a discrete distribution, it is the simplest
discrete distribution in statistics and is the foundation of other discrete distributions such
as the binomial distribution (which will be discussed in the next section). The Bernoulli
distribution describes the probability of only two possible mutually exclusive outcomes;
the distribution considers only one patient in a sample. For example, the probability that
an individual smoker has or has not developed lung cancer. These outcomes are often
described as ‘success’ (yes) often denoted by 1, and a *“failure’ (no) denoted by O.
Success is usually used to describe an individual having a disease. The Bernoulli
distribution has only one parameter which is denoted by a Greek letter 7 (pi). The value
of this parameter is the probability of observing a success. The probability of failure is
then 1— . In the lung cancer study discussed in Section 3.2, the probability of success
(developing lung cancer) is 0.0054 or 0.54% (: z) and the probability of failure is

0.9946 or 99.46% (=1- 7).

3.4.2 The Binomial Distribution

The binomial distribution is one of the most widely used probability distributions in the
health sciences. This distribution is an extension of the Bernoulli distribution. As
discussed earlier, the Bernoulli distribution describes the probability of a success in a
sample with one patient (observation/trial) only. The Binomial distribution describes the
probability of observing a number of successes, with more than one patient.
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Let us assume that two smokers have the lung cancer screening test. The binomial
distribution gives the following probabilities: (a) neither of the smokers have lung
cancer, (b) one of the smokers has lung cancer, or (c) both of them have lung cancer.
This can be extended for any number of patients. The Binomial distribution has two
parameters, namely:

e the probability of a success = (Pi) and

e the sample size n (the number of patients).

If the values of these two parameters are known, we can calculate the probability of
observing a specified number of successes. We can also calculate the expected number of
success in a sample (expected number of success = sample size x probability of success).
Consider the lung cancer study discussed earlier where 0.54% of the smokers develop
lung cancer — assume that this claim is true. Let us draw a random sample of 500
smokers from the population, then the expected number of smokers who will develop
lung cancer in this sample is 500 x 0.54% = 2.7 or 3 (approximately).

Using binomial distribution we can calculate, for example, the probabilities that more
than 3 smokers will develop lung cancer, none will develop lung cancer, less than 3 will
develop lung cancer, exactly 5 will develop lung cancer, etc. These binomial probabilities
can be calculated using binomial distribution probability table or a computer. However,
discussion on the calculation of probabilities using the binomial table is beyond the scope
of this module.

Binomial distribution assumes the following conditions:

e There is a fixed number of patients (smokers).

e There are exactly two possible outcomes for each patient, e.g., lung cancer
status of a patient in the lung cancer study — yes/no.

e The patients are independent (the patients are selected randomly).

e The probability of either outcome is the same for each patient, e.g.,
consider the lung cancer study — the probability of developing lung cancer
is the same as not developing lung cancer (50%/50%).

The binomial distribution is useful when we are interested in the occurrence of an event,
not in its magnitude. For instance, in a clinical trial, a patient may survive or die; here we
study the number of survivors, and not how long the patient survives after treatment.
Another example is whether a person is ambitious or not. Here, the binomial distribution
describes the number of ambitious persons, and not how ambitious they are.

3.4.3 The Normal Distribution

The normal distribution is the most useful distribution in statistical science. Many
statistical theories have been developed based on the assumption that the data follows the
normal distribution. The normal distribution is also known as the Gaussian distribution,
the most commonly used distribution in statistics. Many measurements in biological
science are normally or approximately normally distributed, examples includes: blood
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pressure, pulse rates, height, weight, cholesterol level, etc. The normal distribution is a
continuous distribution which is specified by a true mean («) and a standard deviation

(o). The mean and standard deviation of the normal distribution are usually unknown
and they are called the parameters of the normal distribution.

To help us understand the nature of the distribution of a continuous random variable, let
us consider the frequency distribution of the weight for a sample of 50 cardiac surgery
patients presented in Figure 3.1. Figure 3.1 shows that although the weights pile up
towards the middle of the range, they do not do so very evenly, the curve is right skewed
and contains peaks and valleys. If we increase the number of patients in our sample from
50 to 250 and summarize the weight in a histogram, they would then show the
distribution of weight of 250 patients.

The histograms in Figure 3.1 clearly show that for larger samples the shape of the data
approaches symmetry (this happens only when the population distribution of the variable
is symmetric). We could add more and more patients in our sample, for example, number
of patients 1000. As the sample size increases, the “peak and valley” effect disappears
slowly and the curve become smoother and smoother, it becomes symmetric and bell
shaped.

Figure 3.1: Distribution of weight for cardiac patients
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In general, as the number of observations in the sample becomes very large, and the
width of class interval becomes very small, we would approach a histogram that is
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symmetric and bell shaped. If the mid-points of all blocks are joined with a smooth line
and the blocks are deleted, we will have a smooth curve such as the one shown in Figure
3.2. The curve is bell shaped and perfectly symmetric; the shape of a distribution of a
data set like this is known as the normal distribution. In other words, the data follows a
normal distribution.

The total area under the curve above the horizontal axis is one square unit because the
area under the curve is the cumulative sum of relative frequencies (%s) of a relative
frequency distribution table — the relative frequencies always add up to the value of one.
In Figure 3.2, draw a perpendicular line from the peak of the curve (the highest point) to
the horizontal line at the bottom. The point where the perpendicular meets the horizontal
line is called the centre or mean of the normal distribution. Because of symmetry, 50% of
the area is to the right of a perpendicular erected at the mean, and 50% is to the left. The
mean, median and mode of a normal distribution are the same. From the Figure 3.2,
the mean, median and mode for weight of cardiac surgery patients in the population is
approximately 78.5kg.

Figure 3.2: Population distribution of weight (all patients)
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3.4.3.1 Checking Normality of a Data Set

Steps for checking the normality of a data set are as follows:
e Construct a frequency or relative frequency table for the data
e Draw the histogram for the frequency/relative frequency table
e If the histogram is symmetric or approximately symmetric and bell
shaped, the data is normally or approximately normally distributed.

An alternative way to check the normality of a data set is:
e Calculate the mean, median and mode for the data (USE Excel)
e If the mean, median and mode are approximately the same or closer to
each other, the data is approximately normally distributed.
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We can also check the normality by calculating skewness and kurtosis for the data but
details about skewness and kurtosis is beyond the scope of this module.

3.4.3.2 Reference Ranges

If a data set follows the normal distribution with true mean x and true standard
deviation o then:

e 68% of the observations fall within one standard deviation of the true mean
i.e. between y—o and y+o,0r uto.

e 95% of the observations fall within 1.96 (or approximately 2) standard
deviations of the true mean or between 4 —20 and y+20,0r u+ 20

e 99% of the observations fall within 2.58 (or approximately 3) standard
deviations of the true mean or between #—30 and u+30,0r u+30

Consider weight of all patients in the cardiac surgery population — Figures 3.1-3.2 show
that the distribution of weight follows the normal distribution. The mean and standard
deviation for weight in the population are 78.5kg and 15.56kg respectively. Then,

e 68% of patients have weight between 62.94 and 94.06kg (i.e., probability that the
weight of a randomly selected patient lies between 62.94 and 94.06kg is 68%).

e 95% of patients have weight between 47.38 and 109.62kg (i.e., probability that
the weight of a randomly selected patient lies between 47.38 and 109.62kg is
95%)

e 99% of patients have weight between 31.82 and 125.18kg (i.e., probability that
the weight of a randomly selected patient lies between 31.82 and 125.18Kkg is
99%).

Let us consider another example where the body mass index (BMI) of the cardiac

surgery patients in the population follows a normal distribution with true mean of
1 =27.94 kg/m?and true standard deviation of o = 4.85 kg/m?. Fill up the gaps below:

e 68% of patients have BMI between and (i.e., probability that the BMI

of a randomly selected patient lies between and is 68%).

e 95% of patients have BMI between and (i.e., probability that the
BMI of a randomly selected patient lies between and is 95%).

e 99% of patients have BMI between and (i.e., probability that the
BMI of a randomly selected patient lies between and is 99%).
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3.4.3.3 Probabilities for Other Ranges

The probabilities for other reference ranges can not be calculated easily as was done for
reference ranges discussed above. However, a simple transformation of the variable (e.g.,
BMI) can be used to calculate the probability. This transformation requires the
knowledge of the true mean and standard deviation of the variable in the population. The
transformation is achieved by subtracting the true mean from the observed value and
dividing this difference by the true standard deviation of the variable. The whole
expression is denoted by Z and is known as Z-score or standard score. The Z-score
follows the normal distribution with mean zero and standard deviation one — a normal
distribution with mean zero and standard deviation one is called the standard normal
distribution. The formula for Z-score is:

Z-score = (Observation — True Mean)/(True Standard Deviation)

Let us consider an example where we want to calculate the probability that a randomly
selected patient from the cardiac population has BMI greater than 25, that is, we want to
find Pr(BMI>25) [How to read it? — Probability of BMI greater than 25 kg/m?). Let us
assume that the BMI in the population has mean of 27.94 kg/m? and the standard
deviation of 4.85 kg/m® As discussed above, we need to transform the value of the
variable (BMI = 25 kg/m?) to a Z-score.

For the BMI data, the true mean is 27.94 kg/m? and the true standard deviation is 4.85
kg/m?. So the transformed variable or the Z-score is: Z = (25-27.94)/4.85 = - 0.61. This
transformed observation on the standard normal scale has an useful explanation. It tells
us how many standard deviations the observation is away from the true mean. Thus
Z =-0.61 means that the patient’s BMI of 25 is 0.61 standard deviations below the true
mean of BMI. Usually statistical packages are used to calculate this probability however
in this module we will discuss how to calculate it using the table that provides the
probability under the standard normal curve (see Table 3.2 in the Appendix). Please note
that understanding of the normal probability table is vital to success in this subject! Once
the observation (BMI value of 25) has been transformed to Z-score, the probability of
BMI greater than 25 is the same as the probability of Z-score greater than -0.61, i.e.
Pr(BMI>25) = Pr(Z-score>-0.61). Now using normal probability table (Table 3.2), we
can easily calculate the required probability — the use of the normal probability table is
discussed below.

The following steps and the instructions provided in the Table 3.2 will help to calculate
the probability using normal table.

e Calculate the Z-score
0 Z-score =-0.61 for the BMI example.
e Consider the absolute value of the Z-score and break it into two parts: (a)
the whole number and the tenth and (b) the hundredth.
0 The absolute value of the Z-score is 0.61
0 The whole number and the tenth is 0.6 (the whole number is zero)
0 The hundredth is 0.01
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e The whole number and the tenth (0.6) are looked up along first column
and the hundredth (0.01) is looked up across the first row in Table 3.2.
e The value in the intersection of the row and column is the probability
between zero and the absolute value of the Z-score. Thus, from Table 3.2
the probability between 0 and 0.61 is 0.2291.
0 Note: Because of symmetry of normal distribution, the probability
between -0.61 and zero is the same as the probability between zero
and 0.61.

We are interested in calculating the probability of Z-score greater than -0.61 which is the
sum of the following two probabilities: (a) probability of Z-score from -0.61 to zero
which is 0.2291 and (b) probability of upper half of the normal curve which is 0.50. Thus
the required probability is 0.7291 (0.2291+0.50 = 0.7291). We can also use instructions
in Table 3.3 to calculate probabilities from Table 3.2.

Note:

e Because of symmetry of the normal distribution, we consider the absolute value
of the Z-score. This means even if the Z-score is negative, consider it positive
while calculating probability.

e Because of symmetry probability between “-a” and “zero” is the same as the
probability between “zero” and “+a”.

Note: Many of you are already familiar with calculation of probability using normal
probability table — if you know any easier way to find these probabilities please avoid the
methods | discussed here. The Table 3.3 is just a guideline for the students who are not
familiar with normal probability calculations.

HOMEWORK: Assuming that BMI follows a normal distribution with true mean of
27.94 and true standard deviation of 4.85, find the following probabilities:

e The probability that a patient selected at random has BMI less than 27.94
kg/m? (Answer: 50%).

e The probability that a patient selected at has a BMI within two standard
deviation of the true mean (Answer: 95%)

e The probability that a patient selected randomly has a BMI level above 30
kg/m?, that is, find Pr(BMI>30) (Answer: 0.5 — 0.1628 = 0.3672; Z-score =
0.42)

e The probability that a patient selected at random has a BMI between 25 and
30 kg/m?, that is, find Pr(25<BMI1<30) (Answer: 0.1628 + 0.2291; Z-score for
BMI=25 kg/m? is -0.61, Z-score for BMI1=30 kg/m? is 0.42) .
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3.4.4 The t Distribution

The t distribution is similar to the normal distribution; both are symmetric and bell
shaped. Tails are a bit fatter for the t distribution compared to the normal distribution.
The shape of the t distribution depends on the sample size. For large sample sizes, the t
distribution is more like the normal distribution. The t-distribution is appropriate for
continuous data.

3.5 Sampling Distribution and Quantifying Uncertainty

Medical research often involves acquiring data from a sample of individuals and using
the information gathered from the sample to make inferences about a broader group of
individuals. This broader group, as mentioned in Module 1, is called the population of
interest or target population. We define a population as the complete group of individuals
that we are interested in studying, for example, the preoperative creatinine level of the
cardiac surgery patients in Victoria between 2001 and 2007. Ideally we would like to
measure all individuals in a population directly however this is rarely possible due to
time and financial restrictions. Fortunately, by selecting a representative sample from the
population, the data from the sample can be used to draw conclusions about aspects of
the population.

3.5.1 Random Sampling

Selection of a representative sample from a population is best performed using a random
sampling procedure, for example, simple random sampling discussed in Module 1. In this
procedure a sample of individuals is selected at random from a list of the entire
population of interest. Each individual in the population has an equal chance of being
selected. A computer generated list of random numbers can be used to select at random
from the population list, e.g. the random numbers may tell us to choose the individuals
from the list.

For example, we may be interested in determining the mean creatinine level for the
cardiac surgery patients. We could select a sample of, for example, 20 patients from the
population. The mean of creatinine level in the sample would be our “estimate” in the
population. Let us now make our first attempt at the logic of using data from a sample to
draw inference about a population. In the above example, common sense tells us that it is
highly unlikely that the mean of surgery patients in the sample will exactly equal the
population mean. Furthermore, if we selected another random sample of surgery patients,
the sample mean creatinine level of the patients based on this second sample would most
likely be slightly different to the mean of the first sample. This variability in results from
sample to sample is purely random, i.e., due to chance alone; we call it sampling
variability. One aim of statistical theory is to quantify the uncertainty associated with a
sample result, e.g., sample mean of creatinine level, when used to estimate the population
mean.
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3.5.2 Sampling Distribution (for Sample Mean)

The method for quantifying uncertainty is based on knowing how sample means (or
sample proportions, even sample relative risks and odds ratios) vary from sample to
sample when the samples are based on the same population. This then gives us an idea
about the uncertainty in a single sample, and so, for example, we can work out the
uncertainty in a sample mean calculated as an estimate of the population mean.

Let us now illustrate the uncertainty concept with an *“experiment” involving taking
many samples from the population — one would never do this in real-world research! Let
us draw a random sample of size 20 from the cardiac population and calculate the sample
mean creatinine level. If we repeat this many times, ultimately we have a list of many
sample means from different samples. The sample means can be summarised in a
frequency distribution table or histogram. This frequency or histogram is called the
sampling distribution for the sample mean. Statistical theory states that sample means
arising from repeated samples will cluster around the population mean if the size of the
sample is sufficiently large. For a symmetric distribution, the population mean lies in the
tallest block of the histogram. Figure 3.3 shows that the sample means are clustered more
tightly around the population mean for larger sample size.

Figure 3.3: Sampling distribution for sample means
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Steps for the construction of a sampling distribution are as follows.

Step 1: Select the sampled population.

Step 2: Draw repeated samples of the same size from the population.

Step 3: Compute the sample mean for each sample.

Step 4: Construct a frequency table/histogram for the sample means in Step 3.
This frequency distribution table or histogram is known as the sampling
distribution for the sample mean.

In repeated random samples, the differences among sample means are due to sampling
variability. Thus there is uncertainty in the sample estimates of the true mean. This
uncertainty cannot be eliminated totally however it can be reduced by increasing the
sample size.
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3.5.3 Quantifying Uncertainty

As the sample size increases the sample mean approaches the true mean (which falls at
the centre of the distribution, see Figure 3.3) however the sample means in repeated
samples may not be the same. The differences among sample means are due to sampling
variability. Thus there is uncertainty in the sample estimate of the population mean and
this uncertainty cannot be eliminated totally however it can be reduced by increasing the
sample size.

The uncertainty in the sample estimates can be quantified by calculating the standard
error, which will discuss now. The sampling distributions for sample means for sample
of 20 and then 1000 patients are presented in the histogram in Figure 3.3. We now look
at the spread or clustering of these sample means around the population mean. This
spread can be measured using the standard deviation of the sample means in the repeated
samples and this leads us to a special term: the standard error (SE) of the mean.

Let us continue the creatinine level experiment to consider what happens if we take
sample of size 1000 rather than of size 20. Intuitively, because of the larger number
(1000 compared to 20) in each sample, we would expect the spread of the individual
sample means from samples of size 1000 to be small in comparison with the spread for
samples of size 20. This is a key point. From this we can infer that a sample mean from a
larger sample is likely to lie closer to the population mean than a sample mean from a
smaller sample.

To summarise what we have about the SE:

e It quantifies the anticipated “spread” of sample means across many samples.

e It is a measure of precision of the sample mean from a single sample in
estimating the population mean. The smaller the SE, the more precisely the
population mean is being estimated.

We can think of the standard error as measuring (in rough terms) the “average amount of
error” in a single sample mean. So if the SE is small, then we have some degree of faith
that the sample mean is fairly close to the population mean. However, it must be
reiterated that uncertainty cannot be eliminated, merely quantified. The result of any
sample will always be subject to uncertainty.

3.5.4 Calculation of Standard Error

Let us consider the preoperative serum creatinine level of five randomly selected patients
from the cardiac surgery population, the creatine levels are: 0.04, 0.11, 0.10, 0.13 and
0.18. The mean and SD for these sample observations are respectively 0.112 and 0.0507
(up to 4 decimal places). Steps for calculating SE:

e Stepl: Draw a random sample

e Step 2: Calculate the SD of the sample observations

e Step 3: Divide the SD by the square root of the sample size; this gives the SE
for the sample mean
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A computation formula for SE for the sample mean is give by:

SE _ SampleSD s

Jsample size  +/n

Thus the SE for the sample mean for creatinine level data is 0.0227 (0'0507

NG

HOME WORK: Draw three random samples of sizes 10, 20 and 50 from the pulse rate
data presented in Table 1.1 of Module 1. Calculate the mean for all pulse rate data and
then calculate the mean and the standard error for each of the above samples. Compare
the means and then standard errors — provide a conclusion if you have noticed any trend
in your results.

= 0.0227).

You may use Microsoft Excel “ Data Analysis” option to calculate the standard error
(Open Excel, click Tools, Data Analysis, Descriptive Statistics, select the data range,
select the output range, click on descriptive statistics, click OK. In case you do not have
“Data Analysis” option, install it operating the following steps: click “Tools”, “Add-In”,
“Analysis ToolPak-VBA”, then OK).

3.5.5 Difference Between SE and SD

The following extract outlines the difference between SD and SE (Gardner, M.J. and
Altman, D.G (1988): Confidence Intervals rather than p-values: estimation rather than
hypothesis testing, British Medical Journal, 292: 746-750).

“When numerical findings are reported ...... , they are often presented with additional
statistical information. The distinction between two widely quoted statistics — the
standard deviation and the standard error — is however, often misunderstood.

The SD is a measure of the variability between individuals in the level of the factor being
investigated, such as blood alcohol concentrations in a sample of car drivers, and is thus
a descriptive index. By contrast, the SE is a measure of uncertainty in a sample statistic
(e.g., sample mean). For example the SE of the mean indicates the uncertainty of the
mean blood alcohol concentration among the sample of drivers as an estimate of the
mean value among the population of all car drivers. The SD is relevant when variability
between individuals is of interest; the SE is relevant to summary statistics such as means,
proportions, relative risk, odds ratio, differences, etc.

The SE of sample statistics (e.g., mean, proportion, odds ratio, relative risk), which
depends on both SD and the sample size, is a recognition that a sample is most unlikely
to determine the population value exactly. In fact, if a further sample is taken in identical
circumstances almost certainly it will produce a different estimate of the same population
value. The sample statistic is therefore imprecise, and the SE is a measure of this
imprecision. By itself the SE has limited meaning, but it can be used to produce a
confidence interval (will be discussed in Module 4), which does have a useful
interpretation.”
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3.6 Central Limit Theorem (CLT)

The central limit theory is a very important theorem in statistics that is fundamental to
many statistical methods. In this module we will not discuss the mathematical details of
this theorem instead we will state the theorem and the implications of its use through
practical examples.

Theorem : For a large sample size, the distribution of the sample mean is normally
distributed, even when the distribution from which the sample has been drawn is
decidedly non-normal, with mean equal to the true mean of the sampled population and
standard deviation equal to the standard error of the sample mean.

Let us consider the distribution of preoperative creatinine level of the cardiac surgery
patients presented in Figure 3.4; clearly the distribution of creatinine level in the
population is heavily right skewed.

Figure 3.4: Preoperative creatinine level of cardiac surgery patients in the population
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Let us randomly select many samples each of size 20 from the cardiac surgery
population and calculate the mean creatine level for the patients in each sample. These
sample means are presented in a histogram in Figure 3.5 (top left). What is the shape of
the sampling distribution for sample means? The distribution is not symmetric and is
skewed to the right or positively skewed.

Suppose again we randomly select many samples each of size 50, and for each sample
we calculate the sample mean. What does the distribution of the sample means presented
in Figure 3.5 (top right) look like? How does this distribution of sample mean compare to
the sampling distribution of sample mean for sample size 20? The sample means for
sample size 50 have less spread than the spread of sample means for sample size 20.
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Figure 3.5: Sampling distribution for the sample mean for preoperative creatinine level
of cardiac surgery patients.
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Again draw repeated random samples each of size 250 and for each of the sample
calculate the mean. The histogram in Figure 3.5 (bottom left) shows that the distribution
of sample mean is symmetric and bell shaped. It should be noted that for symmetric and
bell shaped data, the true mean lies in the centre of the distribution. What do we notice
from the sampling distributions for the mean for sample sizes 20, 50 and 250 (Figure
3.5)? The distribution of sample means is skewed and spread out when the sample sizes
are small. As the sample size increases the sampling distribution of the sample mean
becomes more concentrated around the true mean. This is more evident from the
sampling distribution for sample of 500 patients (Figure 3.5, bottom left).

In conclusion, even though the population distribution of preoperative creatinine level is
non-normal (see Figure 3.4, skewed to the right), the sampling distribution of the sample
mean becomes normal for large sample. Hence, the sampling distribution for the sample
mean presented in Figure 3.5 support the Central Limit Theorem stated earlier.

From the above discussion we note the following summary:

e For small sample sizes the distribution of the sample mean is spread out, and
may be skewed.

e The distribution of the sample mean becomes more concentrated around the true
mean for larger sample sizes. The degree of clustering also depends on the
variability of the data in the population.
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3.6.1 Probability for Reference Ranges for Sampling Distribution

Let us draw a smooth lined curve by connecting the mid points of the blocks in Figure
3.5 (bottom right, sample size 500); the smooth curve is shown in Figure 3.6. If we draw
a perpendicular from the peak to the horizontal axis, the meeting point on the horizontal
axis is the true mean of the distribution. Because the distribution is symmetric and bell
shaped, the perpendicular divides the total area of the curve into two equal parts (with
50% each). Then according to the normal distribution probability law, in repeated
sampling:

e 68% of the sample means are expected to lie within one standard error of the
true mean, that is, within ( z+1x SE).

e 95% of the sample means are expected to lie within 1.96 or approximately two
standard errors of the true mean, that is, within (¢ £2xSE) .

e 99% of sample means are expected to lie within 2.58 or approximately three
standard errors of the true mean, that is, within (x#+3x SE).

Figure 3.6: Sampling distribution for the sample mean
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HOME WORK: Let us assume that the preoperative creatine level data for the cardiac
surgery patients follows normal distribution with mean 0.10113 mmol/L and standard
deviation 0.09241 mmol/L. Then,

e 95% of the sample means will be between _ mmol/Land __ mmol/L, or in
95% of the cases the true mean will be in the interval _~ mmol/L and
mmol/L.

e 99% of the sample means will be between mmol/L and mmol/L, or
in 99% of the cases the true mean will be in the interval _~ mmol/L and
mmol/L.
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3.6.2 Probability for other Ranges for Sampling Distribution

Probability for the other ranges can also be calculated using the normal probability table
by transforming the sample mean to a Z-score, where the Z-score is calculated by
subtracting the true mean from the sample mean and dividing this difference by the
standard error of the sample mean. The formula for Z-score is:

Z-score = (Sample Mean - True Mean)/Standard Error for the Mean

Let us consider an example where we want to compute the probability that the mean
birth-weight from a random sample of 10 infants from the Children’s Hospital in Dhaka
will be between 98.0 and 126.0 oz (ounces). The population mean birth weight in the
hospital is 112 oz with a standard deviation of 20.60z. Calculate the above probability
(Answer: 96.48%). Also calculate the following probabilities.

e Probability that the sample mean birth-weight will be greater than 98.0 oz
(Answer: 98.42%; Z-score for the mean weight of 98.00z is -2.15).

e Probability that the sample mean birth-weight will be less than 126.0 oz (Answer:
98.42%; Z-score for the mean weight of 126.00z is 2.15).

3.7 Sampling Distribution for the Sample Proportion

In the analysis of categorical binary data, we are usually concerned with the proportion
of times that an event occurs rather than the number of times. Let us assume that we want
to determine the proportion of cardiac surgery patients in Victoria who have preoperative
creatinine level above 0.133mmol/L. Ideally we should investigate all patients in the
population in our study, however as discussed in Module 3, the financial and time
constraint does not allow us to deal with all patients in the population — instead we draw
inferences about the population on the basis of the sample data. If the objective of the
study is to determine the population proportion, we calculate the sample proportion and
then use it as the estimate of the population proportion. The population and the sample
proportions are denoted by 7z (probability of success, see Binomial distribution in
Module 3) and S respectfully.

Consider a random sample of 50 patients from the cardiac surgery patients who have
diabetes in Victoria, the data is presented in Table 3.1. The number of patients in the
sample with a creatinine level greater than 0.133mmol/L is 8, thus the sample proportion
is 0.16 (8/50) which is denoted by the Greek letter 4. This is known as the point estimate
of the true proportion of patients in the population with preoperative creatinine level
above 0.133 mmol/L. Let us draw another sample of the same size from this population
and calculate the sample proportion- most likely this sample proportion will be different
from 0.16. Thus if we draw repeated random samples each of the same size and calculate
the sample proportion for each sample, the proportions are likely to be different from
each other.
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Table 3.1: Preoperative creatinine level (mmol/L) for 50 diabetes

Creatinine > 0.133mmol/L (Yes =1, No =0)
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The difference among the sample proportions is due to the sampling variability or by
chance alone. As we know from Module 3 that this sampling variability or uncertainty
can be quantified by calculating the standard error of the sample estimates. The
confidence interval incorporates the sampling variability (or uncertainty in the sample
estimate) through inclusion of the standard error in its calculation procedures. So, it is
reasonable to calculate an interval for the true proportion with a certain confidence, say
95%. The calculation of the confidence interval for proportions also requires the
knowledge of sampling distribution for sample proportions.

Like the sampling distribution for the sample mean, the sampling distribution for sample
proportion also follows a normal distribution for large samples. Sampling distributions
for sample proportion for various sample sizes are shown in Figure 4.3. Clearly, for a
large sample size the sampling distribution is more like a normal distribution. Thus,
according to the normal distribution probability law in repeated samples:

e 95% of the sample proportions will be within 1.96 SE of the population
proportion, i.e., within 7 +£1.96 x SE . This means, in repeated sampling,
95% of the times the true proportion will be included by the interval
p+1.96xSE.

e 99% of the sample proportion will be within 2.57 (or approximately 3.0)
SE of the population proportion, i.e., 7+257xSE. This means, in
repeated sampling, 95% of the times the true proportion will be included
by the interval p+2.57xSE .
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Figure 3.7: Sampling distribution for the sample proportion
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3.8 Sampling Distribution for Differences of Two Statistics

In medical as well as other research, we often require the sampling distribution for the
difference of two statistics, e.g., difference of two sample means and difference of two
sample proportions. It should be noted that the two samples are drawn independently
from two separate populations. For example, creatinine levels of male and female cardiac
surgery patients in Victoria — here male and female patients are two different populations
within Victorian Cardiac Surgery patients. Another example could be populations of
smokers and non-smokers in Australia.

Let us first discuss the sampling distribution for the difference of two sample means. For
large sample, the sampling distribution for the difference in two sample means follows
normal distribution- we can show this theoretically, however the theoretical discussion
may be bit complex to follow. Alternatively, we can explain the concept through
empirical sampling distribution for the difference of two sample means.

For example, let us draw two independent samples (samples in each pair are
independent) from male and female cardiac surgery patients in Victoria and calculate the
difference in sample means of BMI — and repeat this for 100 times. These differences are
shown in Figure 4.2; clearly the sampling distribution for the difference in sample means
approaches a normal distribution as the sample size increases. Then, according to the
normal distribution law in repeated sampling:
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e 68% of the differences in sample means fall within one SE of population mean
difference, i.e., within “population mean difference + 1*SE”

e 95% of the differences in sample means fall within two SE of population mean
difference, i.e., within “population mean difference + 2*SE” and

e 99% of the differences fall within three SE of population mean difference.

Figure 3.8: Sampling distribution for the difference between sample mean of BMI for
male (M) and female (F) cardiac surgery patients (1000 samples).

Sampling distribution for Mean Diff of BMI M-F (N=50) Sampling distribution for Mean Diff of BMI M-F (N=500)

=

o

S
I

250

©
=}
I

200+

Frequency
(o2}
2
Frequency
=
(4
<

IS
[}
I

100+

N
o
I

501

o
o

T T T T T T T T
-2 =0 0 1 2 4 5 -5 -4 -3 -2 -1 0 1 2
Mean diff of BMI (M-F) Mean diff of BMI (M-F)

Similarly, it can be shown that for large samples the sampling distribution for the
difference in two sample proportions follows a normal distribution. Hence, according to
the probability law of the normal distribution, in repeated sampling:

e 68% of the differences of sample proportions fall within one SE of population
proportion difference, i.e., within “population proportion difference + 1*SE”.

e 95% of the differences of sample proportions fall within two SE of population
proportion difference, i.e., within “population proportion difference + 2*SE”.

e 99% of the differences fall within three SE of population proportion difference,
i.e., within “population proportion difference + 3*SE”.

Important Note: If the absolute value of the Z-score is beyond the largest value (3.0)
given in the normal distribution table (Table 3.2), then the probability b/w 0 and Z-score
is obtained as 0.4990. For example, let us consider Z-score = 4.5, then the probability
b/w 0 and 4.5 is 0.4990
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Module Summary:

e Probability- simple definitions
e Probability distributions — Bernoulli, binomial, normal and t distributions

e Reference ranges for the normal distribution probability curve for observations
of a variable.

e Sampling distribution, quantifying uncertainty, standard error, difference b/w
standard deviation and standard error

e CLT: For LARGE sample, sampling distribution of any statistic (e.g., mean,
proportion, difference in two means, difference in two proportions, etc.) follows
normal distribution.

e Reference ranges for the distribution of sample statistics (e.g., sample mean,
difference in sample means, mean of differences, sample proportions, difference
in sample proportions, etc.) — the sampling distributions.

e Sampling distribution for the sample mean:
O In repeated sampling, 95% of the sample means fall within two standard
error of the population mean, i.e., within “true mean + 2* SE”.
®  Thus, if we draw 100 samples and for each sample we calculate
the interval “sample mean = 2*SE”, 95% of these intervals will
include the true mean.

e Sampling distribution for the difference in two sample means
O Inrepeated sampling, 95% of the differences b/w sample means fall
within two standard error of the difference of population means, i.e.,
within the interval “difference in true means + 2* SE”.
=  Thus, 95% of the times the interval “difference in sample means +
2*SE” will include the difference of true means.

e Sampling distribution for the sample proportion:
O In repeated sampling, 95% of the sample proportions fall within two
standard error of the population proportion, i.e., within “true proportion +
2* SE”.
®  Thus, if we draw 100 samples and for each sample we calculate
the interval “sample proportion £ 2*SE”, 95% of these intervals
will include the true proportion.

e Sampling distribution for the difference in two sample proportions
O Inrepeated sampling, 95% of the differences b/w sample proportions fall
within two standard error of the difference of population proportions, i.e.,
within “difference in true proportions + 2* SE”.
=  Thus, 95% of the times the interval “difference in sample
proportions + 2*SE” will include the difference of true
proportions.
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Normal Probability Distribution

Table 3.2: Normal Probability Between 0 and Z
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Table 3.3: Situations to find normal probabilities

Situation #.

Probability of Z-score & Instructions

Diagram

1

Z Score: Between zero and any nhumber “a”

Instructions: Look up the area in the table
b/w zero and “a” the Table 3.2

Frobability of hormal curve - Situation 1

'

1 0
Stanciard score

Z Score: Between two positives, i.e. b/w
“+a” and “+b”, OR Between two negatives,

i.e. b/w “-a” and “-b”

Instructions: Look up the areas b/w zero
to “+a” and zero to “+b” in Table 3.2..
Then, subtract the smaller from the larger.

Frobabilty of normal curve - Situation 2

|/

v

3 2

A 0 1
Standard score

Z Score: Between a negative and a

positive, i.e. b/w “-a” and “+b”

Instructions: Look up the areas b/w zero
and “+a” and zero and “+b” in Table 3.2

and add them together.

Probahility of normal curve - Situstion 3

_A

3 -2

-1

&
s
o

0
Stendard score

Z Score: Less than a negative (< -a), or

Greater than a positive (> +a)

Instructions: Look up the area b/w zero

and “+a” in Table 3.2, and subtract from 0.5

Probabilty of normal curve - Situation 4

_4

3 2

&

r

0
Stendard score

Z Score: Greater than a negative (> -a), or

Less than a positive (< +a)

Instructions: Look up the area b/w zero to
“+a” in Table 3.2 and add to 0.5.
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